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Abstract
We study the partial breaking of N = 2 rigid supersymmetry for a generic rigid
special geometry of n abelian vector multiplets in the presence of Fayet-Iliopoulos
terms induced by the Hyper-Ka¨hler momentum map. By exhibiting the symplectic
structure of the problem we give invariant conditions for the breaking to occur,
which rely on a quartic invariant of the Fayet-Iliopoulos charges as well as on a
modification of the N = 2 rigid symmetry algebra by a vector central charge.
1 Introduction
It is well known that partial breaking of rigid and local supersymmetry can occur [1, 2], provided
one evades [3, 4, 5, 6, 7, 8, 9, 10, 11] some no-go theorems [12, 13, 2] which are satisfied by
a certain class of theories. In global supersymmetry, Hughes and Polchinski first pointed out
the possibility to realize partial breaking of global supersymmetry [5] and, in four dimensional
gauge theories, this was realized for a model of a self-interacting N = 2 vector multiplet,
in the presence of N = 2 electric and magnetic Fayet-Iliopoulos terms [8]. This model is
closely connected to the Goldstone action of partially broken N = 2 supersymmetry [14] by
integrating out the (N = 1) chiral-multiplets components of the N = 2 vector multiplet [15],
thus reproducing the supersymmetric Born-Infeld action [16, 17]. Multi-field versions which
generalize the supersymmetric Born-Infeld theory to an arbitrary number of vector multiplets
were then obtained, preserving N = 1 supersymmetry [15, 18], or preserving a second non-
linearly realized supersymmetry [19, 20].
It is the aim of the present note to further elucidate some general conditions for partial
supersymmetry breaking to occur which are independent on the particular alignment of the
unbroken supersymmetry with respect to the original two supersymmetries, and are also in-
dependent of the particular representative of the Fayet-Iliopoulos charge vector which, in our
problem, is a triplet of the N = 2 SU(2) R-symmetry and a symplectic vector with respect to
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the symplectic structure of the underlying Special Geometry: PM x = √2
(
mI x
exI
)
. In terms
of it, the Ward identities are manifestly invariant on the choice of the symplectic frame. The
symplectic invariance relies on the existence of a quartic invariant which is the squared norm
of the SU(2) triplet of symplectic singlets:
ξx =
1
2
ǫxyzPyMPzNCMN = 2
(
~mI × ~eI
)
x
. (1.1)
We shall give, in Sect. 2, the general Ward identities that the N = 2 scalar potential
satisfies when Fayet-Iliopoulos symplectic-charge triplets PxM are turned on, explicitly showing
that they are modified by a constant traceless matrix CAB = ξx(σ
x)AB . Furthermore, in Sect.
2.1, we shall derive in a symplectic covariant manner the modifications of the supersymmetry
algebra which, in the framework of N = 2 tensor calculus, was derived in [10].
2 The rigid Ward Identity
It is a well known fact that the Supergravity Ward identity relating the scalar potential V to
the shifts of the fermions in the presence of a gauging is a pure trace identity in the R-symmetry
SU(N) indices, namely:
V δAB =
∑
i
αi δχ
iAδχiB (2.1)
where the index i in the sum runs over all the fermion-shifts of the theory (including the
gravitino), αi being constants which are positive for the spin 1/2–fields and negative for the
gravitino. This is true also when the scalar potential is due to the presence of a Fayet-Iliopoulos
(FI) term [1, 2, 4, 21].
In the rigid supersymmetric theories with N > 1 the previous statement is violated, since
on the right-hand-side of equation (2.1) a traceless term can appear related to the presence of
electric and magnetic FI terms [5, 8, 10, 15]. In the case of a N = 2 rigid theory, this can be seen
either by direct computation of the fermionic shifts of the gauginos or by performing a suitable
flat limit of the N = 2 Supergravity parent theory with gravitino and hyperinos constant non
zero shifts.
In the rigid case of a supersymmetric vector-multiplet theory, equation (2.1) allows for a
traceless constant term CAB in the scalar potential Ward identity, namely (2.1) is modified as
follows
V δAB + CB
A =
∑
i
δλiAδλiB . (2.2)
where λiA and λiA ≡ gik¯λk¯A denote the chiral and antichiral projections of the gauginos, re-
spectively. According to the arguments given in [10], the additive constant matrix CB
A can
be interpreted as a central extension in the supersymmetry algebra, which only affects the
commutator of two supersymmetry transformations of the gauge field.
In the N = 2 case the traceless matrix CAB has the following expression
CB
A =
1
2
ǫxyzPyMCMNPzN (σx)BA ≡ ξx (σx)BA (2.3)
where (M,N, ...) are symplectic indices in the fundamental of Sp(2n),
PxM =
√
2
( −exI
mI x
)
= −CMN PN x (2.4)
2
is a constant symplectic vector (defining the electric/magnetic Fayet-Iliopoulos term) whose
upper and lower components I = (1, 2, ...n) are electric and magnetic respectively, and
CMN =
(
0 1
-1 0
)
(2.5)
is the symplectic metric.
Let us give for completeness the derivation of this result in the case of N = 2 supersymmetric
theory with a number n of abelian vector multiplets, no hypermultiplets and in the presence of
both electric and magnetic Fayet-Iliopoulos terms.
In this case, the fermion-shift in the supersymmetry transformation of the chiral gaugino
fields can be written, using a symplectic formalism, as
δλiA =W iABǫB (2.6)
with
W iAB = i (σx)C
AǫCB PxM gik¯U¯Mk¯ (2.7)
where gik¯ is the rigid Special Ka¨hler metric and the symplectic section U
M
i is the derivative
with respect to the scalar fields zi of the fundamental symplectic section VM (z) of the rigid
Special Kaehler Geometry [22, 23]:
UMi =
∂
∂zi
(
XI
FI
)
=
∂
∂zi
VM (z) . (2.8)
Introducing a triplet of triholomorphic superpotentials Wx
Wx = PxM VM (z) =
√
2
(
FI(z)m
xI − exI XI(z)
)
(2.9)
equation (2.6) takes the form
δλiA = i(σx)C
AǫCB ∂k¯W¯xgik¯ǫB = i Y ix(σx)CAǫCBǫB (2.10)
with Y ix = gik¯ ∂k¯W
x
.
Let us now use special coordinates, that is XI = zi; in this frame we can write
gIJ = ImFIJ
UMI =
(
δKI
FIK
)
−→ gIJ¯ U¯M
J¯
=
(
gIK¯
gIJ¯ ReFKJ − iδIK
)
(2.11)
A short computation then gives
Y Ix =
√
2
[
−gIK¯ (exK − ReFKJ mKx)− imIx] . (2.12)
This formula actually coincides with eq. (23) of [8] and it shows that a non-zero magnetic
charge mIx produces a constant imaginary part of the auxiliary field Y Ix, a necessary condition
for partial breaking of supersymmetry.
We now use the Special Geometry identity [24]:
UMN = UMi g
ik¯ U¯N
k¯
=
1
2
(MMN − iCMN) , (2.13)
whereMMPMPN = δMN and
MMN = −
(
I +R · I−1 ·R −R · I−1
−I−1 · R I−1
)
> 0 , (2.14)
3
I ≡ (−Im(FIJ) and R ≡ (Re(FIJ). If we flatten the σ–model coordinate index of δλiA in (2.6),
we obtain
UNi δλ
iA =
i
2
(MMN − iCMN)PxN (σx)CAǫCBǫB . (2.15)
Finally we may compute the bilinear product in the gaugino shifts
gik¯W
iABW¯ k¯BC =
δAC
2
MMN PxM PxN +
1
2
C
MN PxM PxNǫxyz(σz)CA = δAC VN=2 +CCA , (2.16)
which coincides with equation (2.2), proving our statement. In conclusion, the N = 2 scalar
potential of the rigid theory is
VN=2 =
1
2
(Px)T M−1 Px (2.17)
while, by the identification (2.4), the CAB term can be rewritten as
CA
B =
1
2
(σx)A
B
C
MN PyM PzN ǫxyz = 2
(
~mI × ~eI
)x
(σx)A
B . (2.18)
In the general case in which both the F and D-terms are present, we define the following
SO(3)-vector:
ξx ≡ 1
2
ǫxyz PyM PzNCMN = 2 (~mI × ~eI)x , (2.19)
where ~mI ≡ (mI x) , ~eI ≡ (eIx). In terms of this quantity eq. (2.16) reads:
gik¯W
iABW¯ k¯BC = δ
A
C VN=2 + CC
A =
(
VN=2 + ξ
3 ξ1 − i ξ2
ξ1 + i ξ2 VN=2 − ξ3
)
. (2.20)
Upon diagonalization, the above matrix reads
gik¯W
iABW¯ k¯BC =
(
VN=2 +
√
|ξ|2 0
0 VN=2 −
√
|ξ|2
)
, (2.21)
where |ξ|2 denotes the following quartic invariant I4 in the FI terms:
I4 ≡ |ξ|2 = ξx ξx = 1
2
∑
x,y
(PxMPyN CMN )2 = 4 (~mI · ~mJ ~eI · ~eJ − ~mI · ~eJ ~mJ · ~eI) . (2.22)
From eq. (2.20) we observe that the square root of the quartic invariant |ξ|2 defines the fourth
power of the supersymmetry breaking scale.
Let us discuss the supersymmetry breaking patterns.
• If I4 6= 0, N = 2 is spontaneously broken to either N = 1 or N = 0, depending on whether
VN=2 >
√
I4 or VN=2 =
√
I4, respectively. In the latter case one of the eigenvalues
vanishes and the corresponding direction in superspace defines the surviving N = 1
supersymmetry. TheN = 1 potential is the square of the fermion shifts along the direction
of the residual supersymmetry. In the diagonal basis (2.21), this direction is the second
one so that:
VN=1 = gik¯W
i22W¯ k¯22 = VN=2 −
√
|ξ|2 . (2.23)
In this case, the infra-red dynamics is captured by a Born-Infeld Lagrangian [19].
• If I4 = 0, which implies ξx = 2 (~mI × ~eI)x = 0, when VN=2 6= 0 N = 2 is completely
broken. Supersymmetry can be preserved only at the boundary of the moduli space if
PxM 6= 0, or everywhere if PxM = 0 (in which case there is no potential).
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In the absence of D-terms, ξ1 = ξ2 = 0 and
√
|ξ|2 = |ξ3|. Taking for instance ~mI = (mI , 0, 0)
and ~eI = (0, eI , 0), we find
ξ1 = ξ2 = 0 , ξ3 = 2mI eI . (2.24)
In this case eq. (2.20) becomes:
gik¯W
iABW¯ k¯BC =
(
VN=2 + ξ
3 0
0 VN=2 − ξ3
)
=
(
P¯ (M− iC)P 0
0 P¯ (M+ iC)P
)
, (2.25)
where we have defined PM = 1√
2
C
MN
(P1N + iP2N). If ξ3 > 0, the residual N = 1 supersymme-
try is along the second direction (ǫ2), while, if ξ
3 < 0, along the first. In the former case the
lower diagonal entry of (2.25), along the direction of the preserved supersymmetry, defines the
N = 1 potential:
VN=1 = VN=2 − ξ3 = P (M+ iC)P = P¯MP − 2mI eI . (2.26)
This is consistent with (2.15) which, in the absence of a D-term, can be written in the form
CMN U
N
i δλ
iA =
i√
2
(−(M+ iC)MNPN ǫ1
(M− iC)MN P¯N ǫ2
)
. (2.27)
Indeed at the N = 1 vacuum
CMN U
N
i δ2λ
iA =
i√
2
(M− iC)MN P¯N ǫ2 = 0 ⇒ VN=1 = 0 . (2.28)
2.1 Supersymmetry Transformation of the Vector Fields
Let us introduce, besides the electric vector fields AIµ, the magnetic ones AI µ. The super-
symemtry transformation property of the former can be extended to the latter in a symplectic
covariant fashion. Define the symplectic vector:
AMµ ≡
(
AIµ
AI µ
)
. (2.29)
The supersymmetry transformation property of AMµ reads:
δAMµ = i U
M
i λ¯
iAγµǫ
BǫAB + h.c. (2.30)
Using eq.s (2.6) and (2.7) we can evaluate the commutator of two supersymmetry transforma-
tions on AMµ :
δ[1δ2]A
M
µ = −UMi gi¯ UN¯ (σx)CAǫCB ǫ¯[2Bγµ ǫD1]ǫAD PxN + h.c. =
= (UMN − UMN )PxN (σx)AB ǫ¯[2Bγµ ǫA1] = −iCMN PxN (σx)AB ǫ¯[2Bγµ ǫA1] , (2.31)
where we have used (2.13). From the above expression we conclude that:
δAIµ = −i
√
2mI x(σx)A
B ǫ¯[2Bγµ ǫ
A
1] , (2.32)
that is the commutator of two supersymmetry transformations on a vector field, in the presence
of a magnetic Fayet-Iliopoulos term, amounts to a shift, whose parameter corresponds to a
vector central charge in the SU(2) adjoint representation [10, 25, 26].
Acknowledgements
S.F. would like to thank G. Dvali, A.Marrani, M.Porrati and A.Sagnotti for enlightening dis-
cussions. S.F. would like also to thank CERN for its kind hospitality.
5
References
[1] S. Ferrara and L. Maiani, “An Introduction To Supersymmetry Breaking In Extended
Supergravity,”
published in the proceeding of the 5th SILARG Symposium on Relativity, Supersymmetry
and Cosmology, 4-11 Jan 1985. Bariloche, Argentina, CERN-TH-4232/85.
[2] S. Cecotti, L. Girardello and M. Porrati, “Ward Identities Of Local Supersymmetry And
Spontaneous Breaking Of Extended Supergravity,”
published in the proceedings of the Johns Hopkins Workshop on Current Problems in
Particle Theory 9: New Trends in Particle Theory, 5-7 Jun 1985. Florence, Italy, CERN-
TH-4256/85.
[3] S. Cecotti, L. Girardello and M. Porrati, “An Exceptional N = 2 Supergravity With Flat
Potential and Partial Superhiggs,” Phys. Lett. B 168 (1986) 83.
[4] S. Cecotti, L. Girardello and M. Porrati, “Constraints On Partial Superhiggs,” Nucl. Phys.
B 268 (1986) 295.
[5] J. Hughes and J. Polchinski, “Partially Broken Global Supersymmetry and the Super-
string,” Nucl. Phys. B 278 (1986) 147.
[6] J. Hughes, J. Liu and J. Polchinski, “Supermembranes,” Phys. Lett. B 180 (1986) 370.
[7] S. Ferrara, L. Girardello and M. Porrati, “Minimal Higgs branch for the breaking of half of
the supersymmetries in N=2 supergravity,” Phys. Lett. B 366 (1996) 155 [hep-th/9510074].
[8] I. Antoniadis, H. Partouche and T. R. Taylor, “Spontaneous breaking of N=2 global su-
persymmetry,” Phys. Lett. B 372 (1996) 83 [hep-th/9512006].
[9] H. Partouche and B. Pioline, “Partial spontaneous breaking of global supersymmetry,”
Nucl. Phys. Proc. Suppl. 56B (1997) 322 [hep-th/9702115].
[10] S. Ferrara, L. Girardello and M. Porrati, “Spontaneous breaking of N=2 to N=1 in rigid
and local supersymmetric theories,” Phys. Lett. B 376 (1996) 275 [hep-th/9512180].
[11] P. Fre, L. Girardello, I. Pesando and M. Trigiante, “Spontaneous N=2 —¿ N=1 local
supersymmetry breaking with surviving compact gauge group,” Nucl. Phys. B 493 (1997)
231 [hep-th/9607032].
[12] E. Witten, “Constraints on Supersymmetry Breaking,” Nucl. Phys. B 202 (1982) 253.
[13] S. Cecotti, L. Girardello and M. Porrati, “Two Into One Won’t Go,” Phys. Lett. B 145
(1984) 61.
[14] J. Bagger and A. Galperin, “A New Goldstone multiplet for partially broken supersymme-
try,” Phys. Rev. D 55 (1997) 1091 [hep-th/9608177].
[15] M. Rocek and A. A. Tseytlin, “Partial breaking of global D = 4 supersymmetry, constrained
superfields, and three-brane actions,” Phys. Rev. D 59 (1999) 106001 [hep-th/9811232].
[16] S. Deser and R. Puzalowski, “Supersymmetric Nonpolynomial Vector Multiplets and
Causal Propagation,” J. Phys. A 13 (1980) 2501.
[17] S. Cecotti and S. Ferrara, “Supersymmetric Born-infeld Lagrangians,” Phys. Lett. B 187
(1987) 335.
6
[18] P. Aschieri, D. Brace, B. Morariu and B. Zumino, “Nonlinear selfduality in even dimen-
sions,” Nucl. Phys. B 574 (2000) 551 [hep-th/9909021].
[19] S. Ferrara, M. Porrati and A. Sagnotti, “N = 2 Born-Infeld attractors,” JHEP 1412 (2014)
065 [arXiv:1411.4954 [hep-th]]; S. Ferrara, M. Porrati, A. Sagnotti, R. Stora and A. Yer-
anyan, “Generalized Born–Infeld Actions and Projective Cubic Curves,” arXiv:1412.3337
[hep-th].
[20] L. Andrianopoli, R. D’Auria and M. Trigiante, “On the dualization of Born-Infeld theories,”
arXiv:1412.6786 [hep-th].
[21] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre and T. Magri,
“N=2 supergravity and N=2 superYang-Mills theory on general scalar manifolds: Sym-
plectic covariance, gaugings and the momentum map,” J. Geom. Phys. 23 (1997) 111
[hep-th/9605032].
[22] N. Seiberg and E. Witten, “Electric - magnetic duality, monopole condensation, and
confinement in N=2 supersymmetric Yang-Mills theory,” Nucl. Phys. B 426 (1994) 19
[Erratum-ibid. B 430 (1994) 485] [hep-th/9407087].
[23] A. Ceresole, R. D’Auria, S. Ferrara and A. Van Proeyen, “Duality transformations in
supersymmetric Yang-Mills theories coupled to supergravity,” Nucl. Phys. B 444 (1995)
92 [hep-th/9502072].
[24] L. Andrianopoli, R. D’Auria, S. Ferrara and M. Trigiante, “Extremal black holes in super-
gravity,” Lect. Notes Phys. 737 (2008) 661 [hep-th/0611345].
[25] G. R. Dvali and M. A. Shifman, “Domain walls in strongly coupled theories,” Phys. Lett.
B 396 (1997) 64 [Erratum-ibid. B 407 (1997) 452] [hep-th/9612128].
[26] S. Ferrara and M. Porrati, “Central extensions of supersymmetry in four-dimensions and
three-dimensions,” Phys. Lett. B 423 (1998) 255 [hep-th/9711116].
7
